We have analyzed the squeezing and statistical properties of the light generated by the interaction of a three-level atom with subharmonic light modes emerging from a nonlinear crystal pumped by coherent light. We have found that the maximum quadrature squeezing of the superposed subharmonic light modes is 100% when the top and bottom levels of the three-level atom are not coupled by the coherent light emerging from the nonlinear crystal.
Introduction
Squeezing is one of the nonclassical features of light that has attracted a great deal of interest.
Several authors have carried out the analysis of the quantum properties of the squeezed light generated by various optical systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In squeezed light the noise in one quadrature is below the vacuum state level with the product of the uncertainties in the two quadratures satisfying the uncertainty relation [9] [10] [11] . Squeezed light has potential applications in low-noise optical communications, precision measurements, and weak signal detections [2, 3] . Hence it is vital to find new optical devices or to combine the exsting ones to generate highly squeezed and bright light.
It has been predicted that three-level atoms in a cascade configuration and available in a cavity coupled to a vacuum reservoir via a single-port mirror can produce squeezed light [9, 10] . The three-level atoms are pumped to the top level by electron bombardment or coherent light. When a three-level atom in a cascade configuration makes a transition from the top to the bottom level via the intermediate level, two photons, which are highly correlated, are generated. The two photons may have the same or different frequency. Fesseha [10] has studied the squeezing and statistical properties of the light produced by three-level atoms in a closed cavity and driven by electron bombardment at a constant rate. He has found that the generated light is in a squeezed state, with the maximum quadrature squeezing being 50% below the vacuum-state level. On the other hand, it has been shown theoretically [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and subsequently confirmed experimentally [24] [25] [26] that a subharmonic generator produces squeezed light. It has been studied the twin light beams produced by the process of subharmonic generation taking place inside a nonlinear crystal driven by coherent light and in a cavity coupled to a vacuum reservoir via a single-port mirror. It has been shown that the superposition of these light beams is in a squeezed state, with a maximum quadrature squeezing at threshold and at steady state being 50% below the vacuum-state level [10] . Some authors have studied the statistical and squeezing properties of the light generated by three-level atoms interacting with subharmonic light beams produced by a nonlinear crystal driven by coherent light in a cavity, using the usual commutation relation [27] [28] [29] [30] [31] [32] [33] . However, it appears to be difficult to believe that the results obtained in this manner to be correct.
In this paper we consider the interaction of a three-level atom with the light beams generated by a nonlinear crystal driven by coherent light and available in a closed cavity coupled to a vacuum reservoir via a single-port mirror. The top and bottom levels of the three-level atom are coupled by the coherent light emerging from the nonlinear crystal. Our interest is to analyze the squeezing and statistical properties of the superposed subharmonic light modes. We carry out our analysis applying the quantum Langevin equations for the cavity mode operators and the Heisenberg equations for the expectation values of atomic operators. The large-time approximation is used to obtain decoupled equations of evolution for the expectation values of the atomic operators. Finally, employing the steady-state solutions of the quantum Langevin and Heisenberg equations, we calculate the mean photon number and the quadrature squeezing.
Operator Dynamics
We consider here the case in which a three-level atom and a nonlinear crystal driven by coherent light are available in a closed cavity coupled to a vacuum reservoir via a single-port mirror.
The three-level atom interacts with the coherent light emerging from the nonlinear crystal. We denote the top, intermediate, and bottom levels of the atom by |a , |b and |c , respectively.
We prefer to call the light emitted from the top level light mode a and the one emitted from the intermediate level light mode b. We carry out our analysis with light modes a and b having the same or different frequencies. In addition, we assume the cavity modes to be at resonance with the two transitions |a −→ |b and |b −→ |c , with direct transition between levels |a and |c to be dipole forbidden.
The process of subharmonic generation taking place inside the nonlinear crystal is described by the HamiltonianĤ
where the operatorsâ andb represent subharmonic light modes, λ is the coupling constant between the coherent light and light mode a or b andĉ is the annihilation operator for the coherent light. Upon replacing the operatorĉ by γ which is taken to be real, positive, and constant, we can write the Hamiltonian aŝ
where ε = λγ. These operators satisfy at the initial time the standard commutation relation
and commute with each other. In addition, the Hamiltonian describing the interaction between the coherent light emerging from the nonlinear crystal and the three-level atom can be expressed as
where Ω = 2g γ, with g being the coupling constant between the coherent light and the atom.
Moreover, the interaction of the cavity modes with the three-level atom can be described at resonance by the HamiltonianĤ
where g is the coupling constant between the atom and light mode a or b andσ a ,σ b , andσ c are lowering atomic operators defined byσ
The total Hamiltonian describing the system is then given bŷ
We carry out our calculation by putting the noise operators in normal order. Then the noise operators will not have any effect on the dynamics of the cavity mode operators. We can thus drop the noise operators and write the quantum Langevin equations for the operatorsâ
and
where following Ref. [34] , we have fixed the Hamiltonian given by Eq. (9) at the initial time and κ is the cavity damping constant. Then with the aid of Eq. (9), Eqs. (10) and (11) can
Furthermore, applying the Heisenberg equation
along with Eq. (9), we readily get
We see that Eqs. (15)- (20) are nonlinear differential equations and hence it is not possible to find the exact time-dependent solutions of these equations. To overcome this problem,
we apply the large-time approximation scheme to Eqs. (12) and (13) and get the following approximately valid relationsâ
andb
Applying Eqs. (24) and (25), we easily find
Now upon substituting Eqs. (26) and (27) together with their adjoint into Eqs. (15)- (20), we
where
κ is the stimulated emission decay constant. We note that the steady-state solutions of Eqs. (30)- (32) have the form σ c = κΩ
Now from Eqs. (35) and (36), one can easily get
and on taking into account Eq. (37), we find
Now applying the completeness relation
along with Eqs. (37) and (39), we arrive at
Thus in view of this result, Eqs. (37) and (39) take the form
Finally, combination of Eqs. (34), (43), (44), and (45) leads to
in which
The steady-state solutions of Eqs. (28) and (29) have the form
Employing the adjoint of Eqs. (49) and (50), Eqs. (26) and (27) can be readily put in the
3 Global Quadrature Squeezing
We now seek to calculate the mean photon number, the quadrature variance and quadrature squeezing for the two-mode cavity light. We represent the two-mode cavity light bŷ c =â +b.
The mean photon number of the two-mode cavity light is defined bȳ
Then employing Eq. (53) and its adjoint, we arrive at
Using Eqs. (51) and (52), we easily find
so that Eq. (55) becomesn
We see that the mean photon number of the two-mode cavity light is the sum of the mean photon numbers of light modes a and b. In addition, taking into account Eqs. (51) and (52) along with Eqs. (43) and (44), one readily obtains
We now consider the special case in which the nonlinear crystal is removed from the cavity, with the top and bottom levels of the atom coupled by the coherent light. Thus upon setting λ = 0 in Eq. (58), we getn This represents the mean photon number of the light emitted at steady-state by the three-level atom pumped by the coherent light [10] .
From the plots in Fig.2 , we observe that the mean photon number of the two-mode cavity light increases due to the coupling of the top and bottom levels of the three-level atom by the coherent light.
We now proceed to calculate the quadrature squeezing. To this end, applying the large-time approximation scheme to Eq. (29), we get
Then employing the complex conjugate of this result, one can put Eq. (28) in the form
With the atom considered to be initially in the bottom level, the solution of Eq. (61) turns out to be
Then with the aid of the complex conjugate of this result, we can put Eq. (29) in the form
With the atom considered to be initially in the bottom level, the solution of Eq. (65) is found to be
Now substituting the adjoint of Eq. (27) into Eq. (12), we get
and on taking into account Eq. (60), we have
The solution of this equation is a well-behaved function provided that
It then follows that
We realize that the expectation value of the solution of Eq. (68) is expressible as
Hence in view of the assumption that the cavity light is initially in a vacuum state and on the basis of Eq. (63), Eq. (71) turns out to be
Using the adjoint of Eq. (26) along with Eq. (64), Eq. (13) can be written as 
In addition, on adding Eqs. (68) and (73), we find
Therefore on the basis of Eqs. (76) and (75), we see that the operatorĉ is a Gaussian variable with zero mean. We note that the steady-state solution of Eq. (76) has the form
Hence employing Eqs. (77) and (78) along with Eqs. (44) and (45), we readily obtain
The squeezing properties of the two-mode cavity light are described by two quadrature operators defined byĉ
Applying Eqs. (81) and (82), it can be readily established that
It then follows that [10] ∆c 
The variance of the quadrature operators is expressible as
and on account of Eq. (75), we have
Now on applying Eqs. (58), (79) and (80), Eq. (87) can be put in the form 
and (∆c
From the plots in Fig.3 , we observe that the two-mode cavity light is in a squeezed state for Ω = 0 and for 0 < ε < 0.355. In addition, the two-mode cavity light is in a squeezed state for Ω = 0.2 and for 0 < ε < 0.275.
We note that for Ω = ε = 0, Eqs. (88) and (89) reduce to
This indeed represents the quadrature variance of a two-mode cavity vacuum state. Now we calculate the quadrature squeezing of the two-mode cavity light relative to the quadrature variance of the two-mode cavity vacuum state. We then define the quadrature squeezing of the two-mode cavity light by [10] 
We notice from the plots in Fig.4 
Conclusion
In this research work, we have studied the squeezing and statistical properties of the light produced by the interaction of a three-level atom with the subharmonic light modes generated 
